ABSTRACT. We define an index of compatibility for a probabilistic theory (PT). Quantum mechanics with index 0 and classical probability theory with index 1 are at the two extremes. In this way, quantum mechanics is at least as incompatible as any PT. We consider a PT called a concrete quantum logic that may have compatibility index strictly between 0 and 1, but we have not been able to show this yet. Finally, we show that observables in a PT can be represented by positive, vector-valued measures.
In this case, we call M a joint observable for {M 1 , . . . , M n } and we call {M 1 , . . . , M n } the marginals for M . It is clear that if {M 1 , . . . , M n } is compatible, then any proper subset is compatible. However, the converse is not true as shown in [4] . If a set of observables is not compatible we say it is incompatible.
It is clear that convex combinations of observables give an observable so O(K) forms a convex set. In the same way, O n (K) is a convex set. Another way of forming new observables is by taking functions of an observable. If f : R → R is a Borel function and M ∈ O(K), the observable f (M ) 
As in the proof of Theorem 1.1, M (s) extends to a measure in M(R 2 ). Hence, M ∈ O(K) and the
We conclude that f (M 1 ) and g(M 2 ) are compatible.
The next result is quite useful and somewhat surprising.
is compatible.
. . .
The result now follows 
Noisy observables
A trivial observable represents noise in the system. We denote the set of trivial observables on K by T (K). The set T (K) is convex with 
Ä ÑÑ 2.1º If M ∈ O(K) is compatible with N ∈ O(K), then M is compatible with λN
The following lemma shows that for any M, N ∈ O(K) a noisy version of N with noise index λ is compatible with any noisy version of M with noise index 1 − λ. The lemma also shows that if M is compatible with a noisy version of N , then M is compatible with a still noisier version of N .
(a) Since {M, S} and {T, N } are compatible sets, by Theorem 1.
(b) We can assume that λ > 0 and we
form a compatible set. Thus, J(M 1 , M 2 , . . . , M n ) gives parameters for which there exist compatible noisy versions of
and
is compatible. Since
forms a compatible set, we conclude that
. . , n where 1 is in the ith coordinate. It is clear that
It follows that ∆ n is the convex hull of {δ 0 , δ 1 , . . . , δ n }. Since
The n-dimensional compatibility region for PT K is defined by
We have that ∆ n ⊆ J n (K) ⊆ [0, 1] n and J n (K) is a convex set that gives a measure of the incompatibility of observables on K. As J n (K) gets smaller, K gets more incompatible and the maximal incompatibility is when J n (K) = ∆ n . For the case of quantum states K, the set J 2 (K) has been considered in detail in [1] .
We now introduce a measure of compatibility that we believe is simpler and easier to investigate than J(M, N ). For M, N ∈ O(K), the compatibility interval I(M, N ) is the set of λ ∈ [0, 1] for which there exists a T ∈ T (K) such that M is compatible with λN + (1 − λ)T . Of course, 0 ∈ I(M, N ) and M and N are compatible if and only if 1 ∈ I(M, N ). We do not know whether I(M, N ) = I(N, M ). It follows from Lemma 2.2(b) that if λ ∈ I(M, N ) and 0 ≤ µ ≤ λ, then µ ∈ I(M, N ). Thus, I(M, N ) is an interval with left endpoint 0. The index of compatibility of M and N is λ(M, N ) = sup {λ : λ ∈ I(M, N )}. We do not know whether λ(M, N ) ∈ I(M, N ) but in any case I(M, N ) = [0, λ(M, N )] or I(M, N ) = [0, λ(M, N )). For a PT K, we define the interval of compatibility for K to be

I(K) = I(M, N ) : M, N ∈ O(K)
The index of compatibility of K is 
λ(K) = inf λ(M, N ) : M, N ∈ O(K) and I(K) = [0, λ(K)] or I(K) = [0, λ(K)). Again, λ(K) gives a measure of incompatibility of the observables in O(K).
We conclude that quantum mechanics has the smallest index of compatibility possible for a PT. The index of compatibility for a classical system is 1, so we have the two extremes. It would be interesting to find λ(K) for other PTs.
Concrete quantum logics
We now consider a PT that seems to be between the classical and quantum PTs of Examples 1 and 2 [3] . A collection of subsets A of a set Ω is a σ-class if ∅ ∈ A, A c ∈ A whenever A ∈ A and if A i are mutually disjoint, i = 1, 2, . . ., then ∪A i ∈ A. If A is a σ-class on Ω, we call
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This section shows that there is a close connection between observables on K and NVMs for K.
is an observable on K. 
The converse of Theorem 4.1 holds if some mild conditions are satisfied. To avoid some topological and measure-theoretic technicalities, we consider the special case where V is finite-dimensional. 
is a NVM and M is the unique NVM satisfying (4.1). It follows that the converse of Theorem 4.1 holds in this case.
Example 1 (Classical Probability Theory)º In this example V * is the Banach space of bounded measurable functions f : Ω → R with norm f = sup |f (ω)| < ∞ and duality given by
The function 1(ω) = 1 for every ω ∈ Ω is the natural unit satisfying 1(µ) = 1 for every µ ∈ K. In this case, K is a base for the generating positive cone V + of bounded measures and the converse of Theorem 4.1 holds. Then a NVM Γ has the form 0 ≤ Γ(A)(ω) ≤ 1 for every A ∈ B(R), ω ∈ Ω and Γ(R) = 1. Thus Γ(A) ∈ F(Ω) and if M is the corresponding observable, then
In particular, if T p ∈ T (K) then the corresponding NVM Γ p has the form 
